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Abstract

We present a framework for modeling the spread of pathodensghout a pop-
ulation and generating policies that minimize the impacthaise pathogens on
the population. This framework is used to study the spredduofan viruses be-
tween cities via airplane travel. It combines agent-basudlation, mathematical
analysis, and an Evolutionary Algorithm (EA) optimizer. eTgoal of this study
is to develop tools that determine the optimal distributbdra vaccine supply in
the model. Using plausible benchmark vaccine allocatiditiges of uniform and
proportional distribution, we compared their effectives& policies found by the
EA. We then designed and tested a new, more effective polighwncreased the
importance of vaccinating smaller cities that are flown taenaften. This “im-
portance factor” was validated using U.S. influenza data fifee last four years.

Key words: epidemiology, evolutionary algorithm, influenza, migoatj
vaccination.

1. Introduction

At the beginning of each influenza season, there are widagmrencerns in
the U.S. about the supply and distribution of the latest weccPublic fear is fu-
elled by stories of ineffective influenza vaccine batchdanded availability of
the vaccine, and deadly new strains that could possiblyrhbeqeandemic. Iden-
tifying the urgent need for an effective vaccination palittyis paper presents a
novel framework for modeling the spread of pathogens thmouga population
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and a way to generate and evaluate policies that minimizentpact of those
pathogens on the population. This framework is a combinadioagent-based
simulation, mathematical analysis, and a sophisticatéidhaggation tool.

The objective of our model is to study of the spread of humamses between
cities via air travel. Previous continuous models of theeagdrof disease between
cities include Rvachev and Longini [26], Hyman and LaFord,[Colizza, et al.
[9], and Grais, et al. [11]. These types of epidemiologicabels use differential
equations with mass action [1, 20, 25] or migration [2, 18gng terms be-
tween subpopulations. Another approach is in agent-basedations of disease
spread, such as [21, 10]. While these models fold the trahbptween weakly
connected subpopulations into the existing model, we l#yemodel into two
parts. We use an agent-based simulation to model the movdmeéneen the
subpopulations and differential equations to govern thtesif the agents within
each subpopulation. The complete simulation is paradidlizy running each is-
land (subpopulation) on a separate computer processor.

We extend the model to include a supply of vaccine, which [setdistributed
in an optimal fashion. By mathematical analysis of this mpdel determine the
feasibility of a vaccination policy. Using a sophisticaieehouse optimization
toolkit [27, 28], based on Evolutionary Algorithms (EA), veearch for vacci-
nation policies that minimize the number of infected peopMe compare these
policies to plausible benchmark policies to verify that B policies are more
effective. Analysis of the EA policies indicates that theciae is generally dis-
tributed to (1) the city of origin for the virus, (2) citiesahare traveled to most
often, and (3) smaller cities. The latter observation istreagorising and counter-
intuitive.

Finally, we design a new benchmark policy to improve uponBEReresults,
based on the three observations given above. This new pelisyperior to all
of our benchmark policies and the EA-generated policie® Kdy to the perfor-
mance is an “importance factor”, which emphasizes the waticin of small cities
that are flown to most often. Confirmation of this “importanaetér” is provided
by real-world data that monitored the spread of the influemzes during the win-
ters of the last four years. We believe this new policy isegneral. However,
if the model changes sufficiently, new policies will everiyiae required. In that
case the EA is always available to guide the human in theioreaf the new
policies for changing situations.



2. The Model

Our virus spread model has two basic levels — an inter-cugl)ecalled the
“micro-level”, and the intra-city level, called the “machevel” or air-travel model.
The micro-level model is governed by differential equasi¢iine island part of the
model, e.g., see [4, 30]). Connecting the islands is the Magm model, using
a Markov chain probability transition matrix, that sim@atthe intra-city traffic
by airline flights (the weakly-connected part of the moddihe combination of
levels allows us to model roughly 55 million people withirtnited States.

2.1. The Micro-Level Model

To simulate the disease spread within a city, we use a compatal model
that assumes the population transitions between Suskeptifymptomatic, In-
fected, and Recovered states, called the SAIR model. Thesfiilsie, Infected,
and Recovered states are standard states of health usedrimo8#ks. We also use
an Asymptomatic state, which represents the period of tiftee eitial infection
that a person in unaware of the infection (due to a complete d& symptoms)
but is contagious [13]. We also assume that a person in tatg stay fly in the
macro-level model, while an infected person can not fly.

The variables that represent the proportion of the cityfsytation in each state
are: the susceptible stadethe asymptomatic state the infected state and the
recovered state. The proportions are changed each time-step of the siroalati
according to the following system of differential equason
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= as—pua
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The parametera, u, 8, andd’ are the probabilities of an individual transitioning
between states, on a daily basis. We can think @fs the infection rate, /u as

the expected asymptomatic time of the virus (how long arviddal is contagious
before showing symptoms),/& as the expected length of time a person spends
infected until recovery, and/B’ as the expected time it takes for an individual to
lose resistance to the virus. The population in the absefaie wavel is assumed

to be constant and we have the relationshipa+i+r = 1. The parameterg,

0, andd’ are constants. Figure 1 gives a diagram of the health statbsha
transitions between them.
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Figure 1: SAIR State Diagram

The infection rate d) is related to the proportion of the population that can
infect an individual (i.ea andi). The probability of an individual being infected is
related to the number of people the individual interact& @) and the probability
the individual will be infected from an encounter with andofed personfd).
Sincef is the probability of being infected by an infected neighldor (3 is the
probability of not being infected by an infected neighbor. We knaw i is the
proportion of the population that is contagious drid the number of neighbors a
person has, so there are approximately-i)b infected neighbors for a particular
person. This yields a probability of not being infected bf- B)(a“)b. But since
we are interested in the probability of being infected, we t® complement of
the probability of not being infected far. This yields the following equation
which can be interpreted to be the probability an individugil be infected by at
least one of his/hds neighbors:

a=1-(1-pB)@tib 2)

In the simulation, we use this expression to compute theiitie rate.

The constant parameters &, andd’ are assumed to be the same for each
city. The infection rated) is the only variable that could change between cities,
because it depends d&n(which is related to the population density). Our airports
are in large U.S. cities, so there shouldn’t be significaahges irb. Further, the
ODE model is not sensitive to small changesrifthe dynamics are qualitatively
similar) and the infection spread will just slightly speqular slow down. There-
fore, small changes in that parameter should not improvadheracy drastically.
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We continue with a brief overview of the steady state sohgiof this system
and their stabilities. These fixed points will be written e tform (s, a,i,r). For
the analysis of the behavior of the differential equatioms, use the following
approximation for smalB and(a—+i)b,

a~1-(1-Bb(a+i)) = Bb(a+i). (3)

The disease free equilibrium (DFE), which represents tkeodt of the dis-
ease, is the poirtL,0,0,0). A common method of determining its local stability
is linearizing the system about the steady state. The negwigenvalues are

AL =0

Ao = =&

As = BO-@HH(Bb- (310 N0 H) - 10) (4)
A = Bb—(3+1)—/(Bb—(8+10))>+4(B0(3+11)—p3)

- 2

We have local stability when these eigenvalues are nonpasir ——<— Bb(“+5) <1

The other steady state solution represents the endemidoeigum (se Ag,le,le),
which is given by

T
N XD

% = LT (5)
ie = &e

. ¥

e — o

To find the replacement numb& we follow Hethcote, et al. [12]. Assuming
that a person is contagious in the asymptomatic and infestegds, a person is
infective for about Yu +1/0 days. If a person is contagious, he/she will infect
approximately3b people, so we can estima®as follows:

_ Bb(d+p) 1
R = 6 T (6)

WhenR < 1, the virus dies off. This agrees with the local stabilitylysis of the
DFE. WhenR > 1, the virus spreads.

2.2. The Macro-Level Model

The micro-level model for the cities provides the islandt mdrthe weakly
connected island modeling framework, but we need to prothéeconnections
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between the islands. We are interested in the effect ofamigptravel between
cities as a means of spreading a virus. To model this, we lsedror data on
airplane travel in the United States to figure out which siti@ave the biggest
airports. As a first-order approximation, we concentratedha the top 12 U.S.
airports. Table 1 shows the 12 cities chosen ordered by ptpnlsize with each
city’s yearly total passengers.

City Pop. Size | Passengers/Year | % of Total
Las Vegas 1.314 35.009 6.742
Denver 1.985 35.651 6.866
Minneapolis 2.389 32.628 6.284
Phoenix 2.907 35.547 6.846
Atlanta 3.500 76.876 14.806
Houston 3.823 33.905 6.530
Detroit 3.903 32.477 6.255
Dallas 4.146 52.828 10.174
San Francisco 4.767 31.456 6.058
Miami 4919 30.060 5.789
Chicago 8.307 66.565 12.820
Los Angeles 13.296 56.223 10.828
Total 55.256 519.229 100.000

Table 1: Cities Ordered by Population Size (in millions)

We used this information to estimate the percentage of pgsse for each
city, which yielded a initial probability distribution faallocating planes to cities.
We then computed the frequency of flights between the citfés.booked non-
stop flights between each city on a particular Wednesdaytima&t® the number
of flights between each city on http://www.expedia.com.c8ithere are twelve
cities, we booked 132 (1% 12) different flights and counted the number of non-
stop flights between the cities. Table 2 shows the numbergtftfiibetween each
city.

To convert the number of flights into transition probalektj we divide each
entry in the matrix in Table 2 by its row sum, yielding the pabbity Q;; of
traveling from the row cityi to the column cityj. Table 3 shows the resulting
Q-matrix. Note that the table is not symmetric about the dm,0s0Qjj # Qji.
Qs ergodic and has an equilibrium distribution.

For the twelve cities, the number of daily flights is 1979.g(Jable 2). Ac-
cording to the fleet composition of United Airlines we assuha each plane can
carry between 160 and 300 passengers. Assuming that thegavitight carries
roughly 130 passengers (at least 43% to 82% of capacity,yiblds about 95
million passengers per year. Since we are modeling rougdiy af the airport



City T Al [ Chi [ LA [ Dal [ Den] Pho| LV [ Hou [ Minn | Det [ SF [ Mia [ Total |

At O [ 21 [ 18 23 [ 23 [ 14 | 10 | 22 17 [ 16 | 15 | 19 | 198
Chi 20 | O | 18 | 22 | 18 | 20 | 18 | 19 22 | 22| 22| 19 | 220
LA 17 | 18| 0 [ 21| 18 | 21 | 16 | 15 12 7 | 17 | 14 | 176
Dal 21 [ 22 | 20 | 0 | 19 | 18 | 19 | 18 17 | 14 | 21 | 9 198
Den | 22 | 21 | 17 | 20 | O | 20 | 20 | 18 | 21 | 10 | 18 | 8 195
Pho | 14 | 20 | 19 | 20 | 20 | 0 | 11 | 16 16 | 12 | 22 | 2 172
Y] 11 [ 17 | 16 | 19 | 20 | 11 | © 7 8 7 | 18| 3 137
Hou | 23 | 18 | 15 | 16 | 18 | 16 | 15 | O 9 9 | 13 | 8 160
Minn | 18 | 22 | 11 | 17 | 20 | 16 | 8 9 0 15 | 8 3 147
Det 17 [ 21 | 7 | 14| 10 | 12 | 7 9 14 0 3 6 120
SF 12 | 22| 18 | 20 | 19 | 22 | 17 | 13 8 3 0 6 160
Mia | 20 | 17 | 14 | 9 9 2 3 8 3 6 5 0 96
Total | 195 | 219 | 173 | 201 | 194 | 172 | 144 | 154 | 147 | 121 | 162 | 97 | 1979
Table 2: Number of Flights Between Each City
[ [ Al T Chi [ LA [ Dal [ Den [ Pho [ LV [ Hou | Minn | Det [ SF [ Mia ]

Atl 0.000 | 0.106 | 0.091 | 0.116 | 0.116 | 0.071 | 0.051 | 0.111 | 0.086 | 0.081 | 0.076 | 0.096
Chi 0.091 | 0.000 | 0.082 | 0.100 | 0.082 | 0.091 | 0.082 | 0.086 | 0.100 | 0.100 | 0.100 | 0.086
LA 0.097 | 0.102 | 0.000 | 0.119 | 0.102 | 0.119 | 0.091 | 0.085 | 0.068 | 0.040 | 0.097 | 0.080
Dal 0.106 | 0.111 | 0.101 | 0.000 | 0.096 | 0.091 | 0.096 | 0.091 | 0.086 | 0.071 | 0.106 | 0.046
Den | 0.113 | 0.108 | 0.087 | 0.103 | 0.000 | 0.103 | 0.103 | 0.092 | 0.108 | 0.051 | 0.092 | 0.041
Pho 0.081 | 0.116 | 0.111 | 0.116 | 0.116 | 0.000 | 0.064 | 0.093 | 0.093 | 0.070 | 0.128 | 0.012
Lv 0.080 | 0.124 | 0.117 | 0.139 | 0.146 | 0.080 | 0.000 | 0.051 | 0.058 | 0.051 | 0.131 | 0.022
Hou | 0.144 | 0.113 | 0.094 | 0.100 | 0.113 | 0.100 | 0.094 | 0.000 | 0.056 | 0.056 | 0.081 | 0.050
Minn | 0.122 | 0.150 | 0.075| 0.116 | 0.136 | 0.109 | 0.054 | 0.061 | 0.000 | 0.102 | 0.054 | 0.020
Det 0.142 | 0.175 | 0.058 | 0.117 | 0.083 | 0.100 | 0.058 | 0.075 | 0.117 | 0.000 | 0.025 | 0.050
SF 0.075| 0.138 | 0.113 | 0.125| 0.119 | 0.138 | 0.106 | 0.081 | 0.050 | 0.019 | 0.000 | 0.038
Mia 0.208 | 0.177 | 0.146 | 0.094 | 0.094 | 0.021 | 0.031 | 0.083 | 0.031 | 0.063 | 0.052 | 0.000
Total | 1.259 | 1.419 | 1.073 | 1.244 | 1.203 | 1.022 | 0.830 | 0.911 | 0.853 | 0.703 | 0.943 | 0.540

Table 3: Probability Transition Matri§Q

traffic, this is consistent with the estimate of 519 millicesgengers per year (see
Table 1).

The connection between the macro-level and micro-leveletsad as follows.
We assume a well-mixed population and we randomly samplewpdo migrate
from city to city. Homogeneity inside city populations istarsdard assumption in
these models (e.g., see [8]). Over many trials, the avergie candomly picked
group should represent the properties of the populatioeci8pally, the arrivals
deplane, and then a random sample of the population getsegolahe. Hence,
at the beginning of each flight, the proportions of suscémtdsymptomatic, and
recovered (but not infected) people on the plane are a savhfite population of
the city the plane currently resides in. Infected peopleaaseimed to be too sick
to fly. We also do not model the spread of the disease withimitipéane itself.



3. Introducing Vaccines

Thus far our model has not included any mechanisms for cumint. There
are many types of containment, including vaccines, amdlwmedications, and
quarantine. In this paper we focus on vaccines, and extenanathematical
model to include vaccinations.

We model vaccinated individuals as people with a decreasszhpility of be-
ing infected by an infected neighbor. So we effectively hsw@subpopulations in
our model - vaccinated and unvaccinated people. We makeifsiimg assump-
tion that vaccination has no effect on the asymptomatic afetied times. With
that simplifying assumption, we only need to change theciide ratea. Let f
be the proportion of the population that is vaccinateel (0 < 1). We assumé
applies to each health state equally - that is the proportion of the susceptible
people that are vaccinated as well as the proportion of thepi®matic people
that have been vaccinated, etc. |@Ebe the probability an unvaccinated person
is infected by an infected neighbor apd < B be the probability a vaccinated
person is infected by an infected neighbor. Therefore, we hao infection rates
- one for the unvaccinatedrf and the other for the vaccinated'j proportions of
the population,

o—=1— (1_B)(a+i)5

a =1— (1_ B/>(a+i)b' (7)
The average probability of infectiam is given by
a=fa' +(1-f)a. (8)
As before, we can approximateas
a~(a+i)b(fp' +(1—f)B). (9)
Hence, the new differential equations model with vaccorais
ds =
i or—as
98 _ Fs—ua
dt H
% = pa—oi
dar
Fri oi—o'r. (20)



The disease free equilibrium (DFE) is the pofat0,0,0). The eigenvalues
from the linearization about this point is

A =0

Ao = =0

A = bw—(8+u)++/ (bw—(3+H))2+4(bew(5+ 1) —u3) (12)
- _ 2

M = baw—(5+p)—+/ (bw—(8+4))2+4(bw(5+) —pd)
— 5 ’

with w= (fB’+ (1— f)B). The DFE has local stability whe“*_.;fﬁ’ﬁlpym(“*& <
1.

The other steady state solution represents the endemiltbeigun, which is
given by

_ ou
® T BEH(FT D)
de = T
ie - M
)
re — %
Then, the replacement numieis
— 1 1
R=b(fg +(1- f)B)(H+3)- (12)

As before, wherR < 1, the virus dies off. WheR > 1, the virus spreads.
It is helpful to quantify the lower limit for an effective vaination ratefe.
WhenR=1,

b(gu) B
. +H
fom 25— (13)

We can define the “vaccine feasibility region” as follows:
0< fe< f <1 (14)

If foe <1, thenitis feasible to stop the spread of the virus. Accashpig this
requires that a fractiofe < f < 1 of the population be vaccinated. ff< fe
or fe > 1, then the vaccine merely slows the spread of the virus. Aecave”
vaccine can stop the virus spread by causing herd immundytlandisease will
die out. Vaccines that have this capability are in the vazdéeasibility region.
Vaccines not in this region will only lower the endemic threlsl of the population
(the stable state of infected individuals).
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Figure 2 shows an example of a theoretically derived felsibegion for a
reasonable choice of parameter settings. The parameti@gsedre inspired by a
typical influenza virus. Withu = 0.35, the asymptomatic time is almost 3 days.
The period of infection is roughly one weeé& &£ 0.15). Finally, we assume that
it takes roughly three years before you become susceptifai 4’ = 0.001).
The upper left area above the curve in black is the region asibde vaccine
efficacy, where the efficacy is measured By(the probability an infective will
infect a vaccinated susceptible). Note that even if the imads perfect 8’ = 0),
then greater than 62% of the population must be vaccinatetiniinate the virus
spread. As the vaccine efficacy decreases (hifhethen that fraction increases.
Oncef’ > 0.012, vaccines will merely slow the spread of the virus.

Feasible
Region

0.8 fe
0.6

0.4+

0.2

o 0.005 0.01 0.015 0.02 0.025 0.03
’

B

Figure 2: Theoretical Vaccine Feasibility Regidl_rt( 9,u=0.35,8=0.03,0=0.15,0' =0.001)

We compared the theoretical prediction with our simulatidfe ran our sim-
ulation for 300 days (using the same parameter settingd)mramitored the total
number of “sick days” (we do not model births or deaths in oomuation). Fig-
ure 3 summarizes the results of these experiments. Thihgtas generated
by running the simulation witdf = 0.0 to f = 1.0 in increments of @1 and
with B/ = 0 to 8/ = B = 0.03 in increments of 0.001. The colors represent the
sum of sick days taken after 300 days of simulation time (ile sum of the
infected population after each day for 300 days). Insiddehsibility region the
virus resulted in less than one million sick days. Outsidinat region the number
of sick days increased enormously. The boundary of the negipresents a phase
transition.
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Experimental Feasibility Region x 10’
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0.8

0.6
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0.4

Total Sick Days After 300 Days

©
o

0.2

0 0.01 g 0.02 0.03

Theoretical Limit |

Figure 3: Experimental Vaccine Feasibility Regid}% 9,=003,u=03505=0.15,0=
0.001)

As a brief implementation note, our simulation is writtenGm+, using MPI
to allow for the use of multiple processors. The simulatiaswhoroughly veri-
fied and validated to ensure agreement with the differeajahtion steady-state
distribution and the Markov chain equilibrium distributib We used a Beowulf
cluster with 13 processors. One processor was used for édbb @2 cities. A
thirteenth processor was used to control the communicétinenflights) between
each city. One year of simulation time takes less than onfeah@inute of real
time.

4. Benchmark Vaccination Policies

In order to better understand the effects of vaccinationwmaodel, we cre-
ated several benchmark vaccination policies and examir@dgerformance over
several scenarios. In each scenario the virus starts aslhpopalation of 100
asymptomatic people in one city. In order to examine thectdfef city popula-
tion size, we chose three cities — Las Vegas, Atlanta and lrggekes. Las Vegas

1In addition, a separate StarLogo implementation was wrjtiad all results were within 1%
of the C++ version
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is the smallest city, while Los Angeles is the largest. Atidais a city of average
size.

For each city we also examined three vaccination delaysn(fitte day the
infection starts) of 15, 30, and 45 days. These delays cambsidered to be a
sum of two effects, (1) a delay in giving vaccination shotg] &) a delay in how
long it takes for the vaccine to take effect.

Using the influenza virus parameters mentioned earliererptper, the pro-
portion of the population that must be vaccinated to en$watthe virus is quickly
eliminated isf > fo ~ 92% (assuming’ = 0.01). Since the total population size
is roughly 55 million people, theory indicates that at leasighly 51 million vac-
cines are required to quickly eliminate the virus. Howetais is unlikely to be
the case, so we consider having the number of vactdnasge from 5 million to
55 million, in increments of 5 million. Hence, when there kgs than 50 million
vaccines, it is impossible to completely stop the spreath@irus. Instead, our
goal is to allocate the vaccines in such a way as to minimiegétipact. Our mea-
sure of “impact” is the total number of sick days taken by thpydation over 450
days.

We first considered two possible benchmark vaccinatiorcigdi The “uni-
form” vaccination strategy allocategM of the number of vaccines to each of the
N cities. In this modelN = 12. The “proportional” vaccination strategy allocates
vaccines according to population size (e.g., a city thattwase as many people
will receive twice as many vaccines). We also consideredsaipte modification
to these two policies. Preliminary runs indicated thatfuthccinating the city of
viral origin was important. This turned out to always hold,air policies were
modified as follows:

| Name | Description |
Fully vaccinate the city of origin,
Uniform uniformly distributing the rest

to the remaining cities
Fully vaccinate the city of origin,
distributing the rest to the
Proportional|| remaining cities according to the
proportion total population minus
the population of the city of origin|.

—

Figure 4: Two Benchmark Vaccine Allocation Policies
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Our results were remarkably consistent, regardless of itgeot origin and
the vaccine delay. Hence, in this paper we present only thatsefor Atlanta
with a 30 day delay in vaccination. In Figure 5, we see thaptioportional and
uniform allocation policies are roughly equivalent up tor2illion vaccines? Be-
tween 25 and 40 million vaccines, the uniform allocationgolvas considerably
better than the proportional policy. Above 40 million vaees, the two policies
are roughly equivalent again. Overall, the uniform allamatof vaccines was
definitely superior.

This result is counter-intuitive. There is a two-fold exmpddéion. First, the
probability of infection depends on thpeoportion of asymptomatic and infected
people. Hence, having the virus start as a small populafid®® asymptomatic
people yields a smaller proportion in larger cities. One cansider this to be
a “dilution factor” and explains why outbreaks appear toegormuch faster in
very small communities. Second, the passengers on a plaree rapresentative
sampling of the city that the plane is in. The odds of an asgmptic person
boarding the plane are much higher in a small city. Hencs,actually better to
vaccinate smaller cities.

Atlanta Proportional vs. Uniform 30 Day Delay

350 r :

Uniform
Proportional —H—
300 F-

250
200

150 -

Millions of Sick Days
V]

100

50 |-

s 10 15 20 25 0 3 40 45 50 55
Millions of Vaccines
Figure 5: Atlanta Uniform and Proportional Baselines Corigaza with 30 Day Delayf§ = 0.03,
B’ '=0.01,b=9,u=0.3505=0.15,0 = 0.001)

Given this explanation, we hypothesized that an “inverspprtional” allo-
cation policy might be even more effective (smaller citiesgroportionally more

2All data points are averaged over 100 independent runs.

13



vaccine). Our algorithm for computing inverse proportigas follows [23]. Let
N be the total population of the cities;, be the population of city, andp; be the
proportion of the total population for city computed ag; = n; /N.

Let pmaxbe the proportion of the population of the largest aity= 1 — p; (the
proportion of the population not in ciiy, andm be the minimum of the values of
u; (the proportion of the population not in the largest city 6f pmay. Then let
w; = uij/m, andW = ziljlwi. Theninv; = wijW are the inverse proportions of the
city populations. In this model,

1-p & 1-p

inv; = .
L1- Pmaxi&; 1 — Pmax

(15)

The algorithm is shown in Figure 6.

| Name | Description |

Fully vaccinate the city of origin,
distributing the rest to the remaining
Inverse cities such that each city gets a vaccine
Proportional|| supply inversely proportional to its
proportion of the population (smaller

cities get more than larger cities).

Figure 6: Inverse Proportional Baseline Vaccine AllocatRolicy

Figure 7 shows how the new inverse proportional vaccinecation policy
compares with proportional and uniform vaccine allocapolicies. The inverse
proportional policy is competitive with or better than th#op two policies.

5. Evolved Vaccination Policies

Are there even better vaccination policies? We have a vwedlhdd optimiza-
tion problem, namely, to allocate vaccines such that thebmurof sick days is
minimized. Hence, we turned to evolutionary algorithms ¢l automate our
search for better vaccination policies. EAs have had eswefiuccess at solving
real-world problems such as in forensics [17], stock praredasting [7], data
compression in wireless sensor networks [22], path plan[86], and evolving
static output feedback controllers [34]. If the EA could fipetter policies, our
hope was that we could analyze the policies to explain wheaEt# had discov-
ered.
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Atlanta Proportional vs. Uniform vs. Inverse Proportional 30 Day Delay

350 r :
Uniform
Proportional —H—

200 [1_\ Inverse Proportional

250
200 b

150

Millions of Sick Days

100

50 |

L L L L L L L — 1
5 10 15 20 25 30 35 40 45 50 55
Millions of Vaccines

Figure 7: Atlanta Inverse Proportional Policy Baseline @anson with 30 Day Delay

EAs are inspired by evolutionary theory, especially thecet of “survival
of the fittest”. The EA maintains a population of individual&ach individual
represents a possible solution to a problem. A fitness fonaonverts the rep-
resentation into a real number that measures the qualityeo$dlution. The EA
takes a population of solutions and evolves them to a bettesss level. Selec-
tion serves to focus the search, and exploit the knowledmpedahus far. Genetic
operators provide a random component, allowing for expilmnaof the search
space. Patel, Longini and Halloran [24] also use an EA tovevoptimal vaccina-
tion strategies. However, their focus is on the optimalctmn of vaccine to five
age groups: pre-school, school, young adults, middle adelisaand old adults.
Our focus is entirely different (although complementasyijce we are concerned
with the optimal allocation of vaccines to geographic regiof the country.

Specifically, we used au, A) Evolution Strategy (ES) witlu = 10 parents
creatinghA = 30 children via mutation (described below). Tjne- 10 best children
then constitute the population at the next generation. Hs&chexecution of our
ES is the following:

1) Randomly initialize the population @f parents.

2) Evaluate the population using the fitness function.
3) Apply mutation to creaté children.

4) Evaluate the children using the fitness function.

5) Select theu best children to form the next population.
6) Repeat 3-5 until some termination criteria are met.
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In our case, an individual represents the allocation of wescto each of the
twelve cities. We use an integer vector of length tweNes (v1,Va,...,V12),
wherev; represents the number of vaccines allocated toicitfhe values are
constrained such that the sum of the vaccines allocatedtoctiy equals the total
number of available vaccine¥ = zilzzlvi).3 We created a “delta-swap” genetic
operator to mutate the individuals. Two cities swap a randamunt of vaccine.
This preserves the constraint that= 312, vi. We also constrain the number of
vaccines allocated to a city to be no greater than the papualaize of that city
(vi <m).

The details of “delta-swap” are as follows. Two cities aresd#m uniformly
randomly (however, the two cities can not be the same). [@gBas the source
city (not to be confused with the Susceptible state of hialthile D is the city
of destination. Let/s be the amount of vaccine currently at cBywhile vp is
the amount of vaccine at cith). The amount of vaccine to swap, denot®g
is chosen uniformly from U(0, ming, 200000)). In other words, the amount
of vaccine to swap is chosen uniformly between 0 and 200000, andvs (if
Vs < 200000). Finally, ifvp + Av < np the swap occurs anfiv vaccine is added
to D and is subtracted fror&

All that remains is to measure the “fithess” of an individukbr this appli-
cation, fitness is simply the number of sick days that ocavergthe allocation
of vaccines defined by the individual. Since we are miningzitbetter fithess”
means that we want a lower number of sick days. One compitadi that our
viral simulation is stochastic. Hence, the fithess must le¥amed over a num-
ber of independent trials. If the number is too large, the EAob slow. If the
number is too small, we can not trust the results (due to neelp We chose an
alternative approach, based on our work where we evolvee{gidte machines
in non-deterministic environments [31, 32]. First the EAsia relatively small
number of trials (10) to estimate the fitness of an individufaihe fitness is bet-
ter than the best fitness ever seen, then the EA re-evallateimdividual over a
larger number of trials (40) . This approach worked quitelw@ur termination
criterion was 100 generations, after which the best indi@idvas evaluated over
100 runs of the simulation as with our benchmark policies.

Figure 8 shows the results for Atlanta with a 30 day delay trouotucing the
vaccine. The results are very impressive. The policy founthe EA is clearly

3Although our representation is fixed length, our motivata@me from the variable length
representation in theroportionalgenetic algorithm as described in [36].
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Atlanta Inverse Proportional vs. EA 30 Day Delay
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Figure 8: Atlanta EA and Inverse Proportional Policy BaselComparison with 30 Day Delay

superior to our inverse proportional policy.

6. A Better Vaccination Policy

Recall that that EA policies are simply vectors of twelve g&es. As such,
the reason for the good performance is not immediately atsviblence, we con-
ducted a thorough analysis of a number of good EA policied fannd a number
of commonalities.

First, as expected, the city of origin always received adargmber of vac-
cines. Second, (and also expected), the EA gave more vatcsraaller cities.
This is in line with our inverse proportional policy. Howeyé¢he EA policy is
superior to the inverse proportional policy. Why is this tlas&? The key is to
note what information the EA has implicitly available. Thesficommonality was
based on figuring out the city of origin. The second commoynalas based on
the EA taking advantage of population sfze.

However, there is a third source of important informatioatttve have not
taken into account, namely, the probability transition nma®@. When we took
this into consideration we found that the EA was not only Baeg on small cities,
but on cities that are flown to most often! TRematrix gives us the likely next

“ltis important to clarify that the EA does not reason at teigl. However, the EA is perfectly
capable of taking advantage of useful features and stetnrthe search space. We are providing
a human interpretation of these features and structures.
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location for each plane, so it makes sense that this infoomag incredibly im-
portant in predicting where the virus spreads from a ced#ynor cities and thus
contributes greatly to better vaccine allocation policies

In order to mimic what the EA is doing, we created an “impoceafactor”.
This factor captures the notion that the cities that are maoo to vaccinate are
those that are small and are flown to most often. Sdbe the initial distribution
of the virus. For example, if the virus starts in Las Vegaentbur initial distri-
bution isS = [0,0,0,0,0,0,1,0,0,0,0,0]. If the virus starts in Atlanta and Las
Vegas, ther§ = [0.5,0,0,0,0,0,0.5,0,0,0,0,0.. ThenS; = - Q represents
the probability distribution of where the virus will trayeh the next time step.
Let nj be the population size of city andimp denote the importance of city
imp = Sgi/n;.

Cities are then vaccinated in descending order based onithportance.
However, is it necessary to fully vaccinate the importaties? We also noted
that the EA tended to vaccinate roughly 92% of the city pojputé Recall, that
for the experiments reported in this paper, theory inditdtat at least 92% of
the population of a city must be vaccinated, in order to rgmtiminate the virus
(fe = 92%). The EA clearly learned that providing more vaccine wasteful,
and that the excess should be distributed to the other cities

Figure 9 describes a new vaccine allocation policy baseti®wity of origin,
the predicted importance of a city, and the vaccine efficacy.

| Name | Description |

Fully vaccinate the city of origin, then
vaccinate the rest in order of importance
Markov || (those cities most flown to with smaller
population sizes) up to the steady state

level of vaccinationfe

Figure 9: Policy CombiningQ-Matrix, Population Size, and Vaccine Efficacy

Figure 10 shows the results with the new policy. It is contpetiwith the EA
policy, and is better at 15 million and 20 million vaccine$ielonly weakness is
at 5 million vaccines. However, it is clear that we have cegrliand explained
much of the EA policy.
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Atlanta EA vs. Markov f=0.9167 30 Day Delay
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Figure 10: Atlanta EA and Markov Policy Baseline Compariggtih 30 Day Delay

7. Confirmation of the Model

The key to our new vaccination strategy is the importanc®fatefined above.
Although we cannot (currently) evaluate the vaccinatioategy in the real world,
we realized that we can in fact evaluate the importance fatgelf. As stated
above, the importance factor captures the central concapttte virus will have a
greater impact on small cities that are flown to most oftethifimportance factor
is correct, it should be consistent with the spread of theinlaenza throughout
the U.S.

We examined the spread of the last four influenza seasongy tise CDC
influenza maps. Our twelve cities are based in ten stateszoAai, California,
Colorado, Florida, Georgia, lllinois, Michigan, Minnesptdevada, and Texas.
We examined the situation where the influenza became “widas) in a state
(or states), and then we used the importance factor to grnetiere the influenza
would spread to next. Widespread influenza activity is defia® “Outbreaks of
influenza or increases in ILI [influenza-like illness] casesl recent laboratory-
confirmed influenza in at least half the regions of the sti&te.”

7.1. 2005/2006 Influenza Season

In week 51 of 2005, the influenza virus reached widespreadd@v California
and Arizona (Figure 11). We split the infected percentagdw/é®en Arizona and
California, dividing it amongst the cities in those statelsisigave us an initial dis-
tribution of § = [0,0,0.3,0,0,0.3,0,0,0,0,0.3,0]. We computed the importance
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factors for each city (state). Three states had importaab@es much greater
than the rest (Texas, Nevada, and Colorado). In week 52 of goigbre 12)
and weeks 1 and 2 of 2006, these three states attain and mantadespread
influenza activity level. This particular season was noeeggly virulent.

Weakly Infl Activity Estimates Reported

by State & Territarial Epidemiologists
Vieek endng December 24, 5005 - Week 51

Figure 11: U.S. Influenza Activity Week Ending December 202

Weekly Influenza Activity Estimates Reported
by State & Territarial Epidemiologists
Wk sndig Decertber 11, 2005 - Week 57

Figure 12: U.S. Influenza Activity Week Ending December 3102
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7.2. 2006/2007 Influenza Season

These 2005/2006 results are pleasing, but are a bit weale e states are
adjacent. The 2006/2007 influenza season, however, was interesting. In
week 49 of 2006, influenza was widespread in Florida (Fig@)e I we use the
initial distribution S = [0,0,0,0,0,0,0,0,0,0,0,1], our model predicts that five
states had importance factors much greater than the restder, Georgia, and
then to Colorado, Texas, Nevada, and Minnesota). This influés slower to
spread, yet our predictions were surprisingly accurate.

In week 50 of 2006, we see that Georgia and Florida have widadpin-
fluenza conditions, which corresponds to the predictiobAllanta would be next
(Figure 14). We then have to jump ahead to week 4 of 2007, whestas and Min-
nesota have become widespread (Figure 15). If we jump ahesttiex 4 weeks
to week 8 of 2007, we see Colorado is now widespread (Figure @&y only
important error was with respect to Nevada, which did noobsz widespread.
However, it is important to note that these states are naeicadf, so it does seem
reasonable to conclude that the spread was via air travel.

Weekly Influenza Activity Estimates Reported
by State & Territorial Epidemiclogists
Weak ending December 6, 20048 - Weak 49

Figure 13: U.S. Influenza Activity Week Ending December &0

7.3. 2007/2008 Influenza Season

In week 49 of 2007, the influenza was widespread in Texas, sstaréed
our initial distribution in Houston and Dallas. Our modeggicts that the virus
should spread first to Colorado, and then to Nevada, Georgizgiia, Minnesota,
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Weekly Influenza Activity Estimates Reported
by State & Territorial Epidemioclogists
Weak ending December 18, 2006 - Week 50

Figure 14: U.S. Influenza Activity Week Ending December 1@)&

California, Michigan, lllinois, and Florida (in that order)This influenza was
especially virulent — every state became widespread.

In week 1 of 2008, Colorado became widespread. Then, in wedkZD68
both Georgia and Arizona were widespread. In week 6 the imdadecame
widespread in Nevada, Minnesota, California, Michigan, Himbis. Finally, in
week 9 Florida became widespread. Our only error was agéim nespect to
Nevada, which became widespread after Georgia and Arizona.

7.4. 2008/2009 Influenza Season

In week 1 of 2009 the influenza became widespread in Virgitdawever,
our model does not include any airports in Virginia, so weldawt begin there.
However, the second state to become widespread was Texasek 3vof 2009.
Hence, we ran the same model as with the 2007/2008 influerasoise This
season was not as virulent — quite a few states never becahespread.

Of the states we model, Colorado became widespread next,dk &eThen
in week 5 both Nevada and Georgia became widespread. In waekdha and
Florida became widespread. Finally, California became spdead in week 11.
Minnesota, Michigan, and lllinois never became widespre&lur model has
a minor error in that Minnesota never became widespreakowh California
did. However, an investigation of the importance factorsvgtd that the num-
bers for both states were almost identical. Recall that theenza really started
in Virginia — this quite naturally has an affect on the reard spread which
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Weekly Influenza Activity Estimates Reported
by State & Territorial Epidemioclogists
Week ending January 27, 2007 - Wk 4

Figure 15: U.S. Influenza Activity Week Ending January 2Q20

Weekly Influenza Activity Estimates Reported
by State & Territorial Epidemiologists
Week ending February 24, 2007 - Week 8

Figure 16: U.S. Influenza Activity Week Ending February 2402

we could not model. This is reflected in our one significanbreriFlorida be-
came widespread very early in the season, as opposed toatery Again we
consider this to be caused by Virginia (there are a lot of fighom the Vir-
ginia/Washington D.C./Maryland airports to Florida.
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7.5. 2009/2010 Current Influenza Season

The CDC influenza maps monitor “Influenza-like llinesses”lllbut don’t
separate the different versions. Hence the surveillangert® do not or cannot
subtype influenza A into H1, H3, and H1IN1. Due to the longewit}d1N1, and
the mixed data, it is impossible to separate out the nornfhalenza strains in
order to make predictions.

7.6. Quantitative Confirmation of the Model

In this subsection we quantitatively analyze the accurdayuo predictions.
As an illustrative example, consider the 2008/2009 inflaeseason. Colorado
became widespread on January 31, both Nevada and Georgiméeddespread
on February 7, and both Arizona and Florida became widedpmed&ebruary 14.
Finally, California became widespread on March 21. SinceGB& maps are
updated weekly, the result is a partial orderingr aftates:CO < NV < GA <
AZ < FL < CAwherex < y meansx occurs temporally beforg (note, we adopt
the USPS state abbreviations for conciseness). Thereargdssible strict total
orderings resulting from the partial ordering:

1. CO<NV<GA<AZ<FL<CA
2. CO<GA<NV<AZ<FL<CA
3. CO<NV<GA<FL<AZ<CA
4, CO<GA<NV<FL<AZ<CA

As shown above, our model uses the importance factors tadeawstrict total
ordering ofp states. Because not all states will necessarily become prieiad,
r < p. For the 2008/2009 influenza season our model predicts tlosvfng total
ordering:CO< NV < GA<AZ<MN <CA<MI <IL <FL.

We now want to create a distance metric from the predicteerord to the real
world partial ordering. Our distance metric is the minimuomber of “2 swaps”
required to make the predicted ordering “consistent” wité teal world partial
ordering. The predicted ordering is consistent if the firsiities of the predicted
ordering match one of the real world total orderings.

In the case given above,MN andFL are swapped in the predicted ordering,
we getCO< NV < GA< AZ<FL <CA< MI <IL < MN. This is consistent
with the real world partial ordering, so the distance of thedjicted ordering from

5The 2 swap operator randomly chooses two different staswaps their positions.

24



Influenza Season|| Model Random Predictions X Statistics
[ Ux ox | skewX) || ProbX <) | Wilcoxonp
2005/2006 2 3.34 | 0.85 -0.29 12% < 0.00001
2006/2007 2 3.22 | 0.74 -0.72 14% < 0.00001
2007/2008 1 3.17 | 0.75 -0.56 2% < 0.00001
2008/2009 1 423 | 1.02 -0.80 1% < 0.00001

Table 4: Quantitative Analysis

reality is one. For the first three influenza seasons (200&/2P006/2007, and
2007/2008) the distance from reality is two, two, and onspeetively. Hence,
all predictions were close to reality, with the last two se@shaving the best
predictions. The 8” column in Table 4 summarizes those results.

As a baseline comparison, we also created 100 random posdidbr each
of the four influenza seasons. If our model is correctly capguthe dynamics
of the real world, the predictions from the model should lgnigicantly better
than predictions provided by random orderings. The randanableX denotes
the distance of the random prediction from the real worlde fean, standard
deviation and skewness &f are also shown in Table 4, denoted fpy, ox, and
skewX). In all cases the mean distance of the random distribut®hgyher than
the prediction created by our model. For the first two infleeseasons the quality
of model prediction is roughly 1.5 standard deviationsdydtian the mean. For
the last two influenza seasons the quality of the model ptiedics roughly three
standard deviations better than the mean.

It is helpful to calculate the probability that the randonegictions could
match or outperform the quality of the model prediction. 3&@robabilities are
given in Table 4, under ProK(< 8). For all four seasons, the probabilities are
12%, 14%, 2% and 1%. Treated as a whole, it is therefore highlikely for
random predictions to perform nearly as well as our model.

Although all results indicate that our model is performirggtbr than random,
the results for the last two seasons are exceptionally gdedbelieve the reason
for this is that we only created of@matrix, reflecting current flight usage. Flight
usage varies by year, and it is quite reasonable that therd@matrix would not
model older seasons as accurately.

For one final test, we performed a Wilcoxon signed-rank t€kis test does
not assume any particular underlying distribution, andmansed when the distri-
bution is reasonably symmetric. The valueskéwX) (which are low) indicate
that the Wilcoxon test can be applied. For all four seasdmessignificance level
p is much less than 0.00001, confirming again that it is extherndikely for the
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quality of random predictions to be nearly as good as theityuafl the model
predictions.

7.7. Summary

Although we do not attempt to predict the speed of the viraéagp (as ex-
plained below), the predicted ordering of viral spread igpggingly accurate,
given that we are modeling flights from only 12 cities.

8. Conclusion

We have created a framework for simulating and analyzingklyeaonnected
island models. This framework consists of two levels. Fiassmicro-level de-
scribes the behavior of individuals within an island. Setdhe macro-level mod-
els the travel of individuals between islands. The two lewek largely separate,
from a functional point of view. The micro-level is used tdatdate thespeedof
the viral spread. The macro-level is used to calculdterethe virus will spread.
The key to the accurate modeling of the micro-level is to & ¥irus parameters
to the observable quantities of a particular virus. Howewece this is done, it is
extremely difficult to draw general conclusions. This is teason why we mod-
eled a rather generic influenza virus and a small number pbds - it lends itself
to a reductionist interpretation far more readily.

Our reductionist approach serves as a contrast to the wohlkdavge epidemi-
ological “engines”, where the models are extremely diftitalanalyze. One ex-
ample is the work by Colizza, et al. [9], that uses the largesd® airport<
However, the model is then used to simulate the spread of amyinfluenza
virus in only nine “surveillance regions” within the U.Ss apposed to examin-
ing individual states. No reductionist interpretation ieypded.

We applied our model to the spread of a virus between citeeaiviravel. This
model has been verified and validated, by demonstratinghleasteady state of
the micro-level (differential equations) and the macnelgMarkov) agree with
mathematical analysis. We then augmented the model todaalaccinations and
used an EA optimizer to generate good polices. We then exahtihose policies
to explain and develop superior policies. It is importanptint out that the EA
was used both as an optimizer and a tool for discovery. WithmEA it would
have been extremely difficult for us to understand the dynami the model.

SInternational Air Transport Association database (hfitmAv.iata.org)
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The key to our success is an “importance factor”, which st#tat the cities
of importance (both from the point of view of viral spread dheir need for vac-
cines) are those that are small yet are flown to most often.ll&ncéties experi-
ence a more rapid response to an invading infected populafioey also produce
infected individuals more quickly as a result. Cities that town to more often
are dangerous because more planes are carrying infectptegeahese cities.
This factor provides a highly valuable reductionist intetgtion of a complex
model.

We have also demonstrated that there is a connection betwweémportance
factor and the spread of influenza in the real world by conmgatine previous
four influenza seasons to our importance factor predictidhs suggests that we
have captured a good first-order approximation of the efieair-travel as a virus
vector on the United States. It is important to note thatshiscess comes despite
the fact that each influenza season involves a differenswiith different micro-
level parameters that we did not attempt to model. In fac&lgernative micro-
level model omits the Asymptomatic state of health - nanmély,SIR model. In
this situation Infected people can fly. Our studies indi¢ht#, once again, due
to the functional separation between the micro-level androrevel models, this
change affects the speed of the virus (as would be expetigi)pt the ordering.

Due to the number of studies we have performed (there isfinguft room in
this paper to include them all), we believe that these olagienvs are quite general
and hold in a wide variety of circumstances [29]. Howeveg, iiice aspect of our
framework is that if conditions change radically, the EA ehmays be invoked by
the user to generate new policies automatically.

In this paper we developed the “importance factor” via hunmspection of
the data (a set of high fitness EA individuals). However, sggpwe include
additional cities from other countries. Then there couldigaificant changes in
b (due to differences in population density in different coigs). Although our
simulation framework would have no difficulty with these ogas, and the EA
could still be applied, human inspection of the resultinghhiitness individuals
will become much more difficult. One of the main challengetha our human
reasoning involved more than just inspection of the indiaid, but required an
understanding of the underlying simulation model, inahgdthe city of origin,
the size of the populations, the proper interpretation efggfobability transition
matrix, and the vaccine feasibility region. Hence, futurerkvwill require the
addition of sophisticated data mining (e.g., [19, 15, 14l aquation discovery
components [5, 33, 3], to automate the reductionist appreaen in this paper.

27



Acknowledgment

Lora Billings was supported by ARO grant W911NF-06-1-0320cdsiShaw

was supported by the National Institutes of Health.

References

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

Allen, L. J. S., 1994. Some discrete-time Sl, SIR, and $l@@&mic models.
Mathematical Biosciences 124, 83-105.

Arino, J., Jordan, R., van den Driessche, P., 2007. Qtiaeum a multi-
species epidemic model with spatial dynamics. MathemlaBaasciences
206, 46—60.

Bay, S. D., Shapiro, D. G., Langley, P., 2003. Revising eagring models:
Combining computational discovery with knowledge. In: Rredings of the
Thirteenth European Conference on Machine Learning.

Billings, L., Spears, W. M., Schwartz, I. B., 2002. A unifipdediction of
computer virus spread in connected networks. Physicsnset®97, 261—
266.

Bridewell, W., Langley, P., Todorovski, L., Dzeroski,, 2008. Inductive
process modeling. Machine Learning 71, 1-32.

Centers for Disease Control (CDC), 2006. CDC - Influenza (Fkiuy Ac-
tivity. Online; http://www.cdc.gov/flu/weekly/fluactitg.htm.

Cheng, C. H., Chen, T. L., Wie, L. Y., 2010. A hybrid model béie® rough
sets theory and genetic algorithms for stock price for@mgstnformation
Sciences 180, 1610-1629.

Colizza, V., Barrat, A., Barthelemy, M., Vespignani, A.,G8 The model-
ing of global epidemics: Stochastic dynamics and prediltalBulletin of
Mathematical Biology 68, 1893-1921.

Colizza, V., Barrat, A., Barthelemy, M., Vespignani, A., 30 The role of the
airline transportation network in the prediction and pcgahility of global
epidemics. Proceedings of the National Academy of Scieb@8¢7), 2015—
2020.

28



[10] Ferguson, N. M., Cummings, D. A. T., Fraser, C., Cajka, JOGqley, P. C.,
Burke, D. S., 2006. Strategies for mitigating an influenzadeamic. Nature
442, 448-452.

[11] Grais, R. F., Ellis, J. H., Glass, G. E., OCT 2003. Forengsthe geo-
graphical spread of smallpox cases by air travel. Epidesgioand Infection
131 (2), 849-857.

[12] Hethcote, H. W., Aug. 2005. The Basic Epidemiology Made II: Mod-
els, Expression foRy, Parameter Estimation, and Applications. Lecture
Note Series, Workshop in Mathematical Modeling of Infegidiseases:
Dynamics and Control. Institute for Mathematical Sciend¢stional Uni-
versity of Singapore.

[13] Hethcote, H. W., Aug. 2005. Epidemiology Models withridole Population
Size. Lecture Note Series, Workshop in Mathematical Modebf Infec-
tious Diseases: Dynamics and Control. Institute for MatherabSciences,
National University of Singapore.

[14] Hong, C. F., 2009. Qualitative chance discovery exingotompetitive ad-
vantages. Information Sciences 179, 1570-1583.

[15] Hu,HL, C.Y.L., 2008. Mining typical patterns from datses. Information
Sciences 178, 3683—-3696.

[16] Hyman, J. M., LaForce, T., 2003. Modeling the spreadnfilienza among
cities. In: Banks, H. T., Castillo-Chavez, C. (Eds.), Biotesori Mathemat-
ical Modeling Applications in Homeland Security. SIAM, al2

[17] Ibéhez, O., Ballerini, L., Cordn, O., Damas, S., SantarterJ., 2009. An
experimental study on the applicability of evolutionarg@ithms to cranio-
facial superimposition in forensic identification. Infoation Sciences 179,
3998-4028.

[18] Liebovitch, L. S., Schwartz, I. B., 2004. Migration inckd epidemics: dy-
namics of flux-based multipatch models. Physics Letters 2, 336—-267.

[19] Liu, H., Wang, X., He, J., Xin, D., Shao, Z., 2009. Topwdomining of fre-
guent closed patterns from very high dimensional datarinédion Sciences
179, 899-924.

29



[20] Lloyd, A. L., May, R. M., 1996. Spatial heterogeneity ipiégemic models.
J. Theoretical Biology 179, 1-11.

[21] Longini, I. M., Halloran, M. E., Nizam, A., Yang, Y., Xi§. F., Burke, D. S.,
Cummings, D. A. T., Epstein, J. M., 2007. Containing a largedsrorist
smallpox attack: a computer simulation approach. Intésnat Journal of
Infectious Diseases 11, 98-108.

[22] Marcelloni, F., Vecchio, M., 2010. Enabling energyi@ént and lossy-
aware data compression in wireless sensor networks by-ohjéctive evo-
lutionary optimization. Information Sciences 180, 192d4-1.

[23] Morrison, R. W., 2006. E-mail correspondence on invgrsgportional se-
lection. E-mail Correspondence.

[24] Patel, R., Longini, I. M., Halloran, M. E., 2005. Findimgptimal vaccina-
tion strategies for pandemic influenza using genetic dlgms. Journal of
Theoretical Biology 234, 201-212.

[25] Piccolo, C., Billings, L., 2005. The effect of vaccinat®in an immigrant
model. Mathematical And Computer Modelling 42, 291-299.

[26] Rvachey, L. A., Longini, I. M., 1985. A mathematical mddier the global
spread of influenza. Mathematical Biosciences 75, 3-22.

[27] Shaw, L., 2006. A Parallel Evolutionary Algorithms Rrawork. Technical
report, Department of Computer Science, University of Wyami

[28] Shaw, L., 2006. PEAF User’s Guide. User's manual, Depant of Com-
puter Science, University of Wyoming.

[29] Shaw, L. R., 2007. A Computational Framework For Modelifige Spread
Of Pathogens And Generating Effective Containment Straselgi Weakly
Connected Island Models. Masters thesis, University of \Wipgm

[30] Spears, W. M., Billings, L., Schwartz, I. B., Feb. 2001. déting Viral Epi-
demiology in Connected Networks. Memorandum Report NRL/MR?670
01-8537, Naval Research Laboratory (NRL).

[31] Spears, W. M., Gordon[-Spears], D. F., 2000. Evolvimjié-state machine
strategies for protecting resources. In: Proceedingshf$30.

30



[32] Spears, W. M., Gordon-Spears, D. F., 2003. Evolutiostodtegies for re-
source protection problems. In: Advances in evolutionamputing: theory
and applications. Springer-Verlag New York, Inc., New Yaxky, USA, pp.
367-392.

[33] Todorovski, L., Dzeroski, S., Langley, P., Potter, Q03. Using equation
discovery to revise an earth ecosystem model of carbon adtuption. Eco-
logical Modelling 170, 141-154.

[34] Toscano, R., Lyonnet, P., 2010. Robust static outputfaeki controller syn-
thesis using Kharitonov’s theorem and evolutionary altpons. Information
Sciences 180, 2023-2028.

[35] UGUR, A., 2008. Path planning on a cuboid using genetic algmstHnfor-
mation Sciences 178, 3275-3287.

[36] Wu, A. S., Garibay, I., 2002. The proportional genelgoaithm: Gene ex-
pression in a genetic algorithm. Genetic Programming amuvable Ma-
chines 3 (2), 157-192.

31



